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SUMMARY

The solution of the plane-strain problem of a circular cylindrical hole in a field of uniaxial tension is obtained in the
linear theory of elasticity in which the potential energy function depends on both the strain and the gradient of the
strain. The stress-concentration factor at the surface of the cylindrical hole and the stress-concentration away from
the hole are found and they are compared with the analogous results obtained in couple-stress theory and in classical
elasticity.

Introduction

The classical theory of elasticity of an elastic continuum presupposes that the local state of
stress at a material point depends on the corresponding local state of deformation. Such a
theory does not accommodate the effects of the atomic structure of solids.

Extensions of the conventional theory which intend to have the local state of stress depend
on the local state of deformation and on the deformations in a vicinity of the point in question,
began with Cauchy [1]**. The work of Cauchy remained unnoticed until, in 1960, interest
in such extended theories was revived by the publications of Aero and Kuvshinskii [2],
Grioli [3], Rajagopal [4] and Truesdell and Toupin [5]. All these authors took into account
only that part of the first gradient of the strain which constitutes the gradient of the rotation
i.e., eight of the eighteen components of the first strain-gradient tensor. This theory is the one
Toupin [6] later called the “Cosserat theory with constrained rotations” while Mindlin and
Tiersten [ 7] and Koiter [ 8], called it the “couple stress theory”. The augmentation of the classi-
cal theory of elasticity through the inclusion, in the strain energy function, of the complete first
gradient of the strain was achieved by Toupin [9].

Later, Mindlin [10] extended the classical theory to include the second gradient of the
strain while a further extension, to include all gradients of the strain, was accomplished by
Green and Rivlin [11] who called their work the theory of “simple force and stress multipoles”.
In the language of Toupin [6], the first strain-gradient theory is called the theory of materials
of “grade 27, the second strain-gradient theory—the theory of materials of “grade 3”, etc. ; here
the “grade” indicates the order of the space gradients operating on the displacement in the
particular theory.

In addition to the strain-gradient theories, another type of extension of the conventional
theory exists. The Cosserat brothers [12] introduced a theory of mechanics of continuous
media in which a micro-element is embedded in each macro-element (material particle) of the
continuum such that the rotation of each micro-element may be different from the local rotation
of the medium. This is equivalent to a theory of continuous media each point of which has the
six degrees of freedom of a rigid body. In the classical theory, a material point has only the
three degrees of freedom corresponding to its position in space. If the micro-elements are
“frozen” in the corresponding local macro-elements i.e., if the micro rotation is constrained to
equal the local rotation of the continuum in the usual sense of elasticity and fluid dynamics, the

* As of Oct. 1970, The Negev University, Beer-Sheva, Israel.
** The existence of this paper was brought to the attension of the first author by R. D. Mindlin.
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theory which results is the above mentioned couple-stress theory, or the “Cosserat theory with
constrained rotations”. An extension of the Cosserat theory in which the micro-elements can
deform independently of the local deformation of the continuum, was accomplished by Mindlin
[13], while a more general theory of this type was given by Green and Rivlin [14]. In the
language of Eringen [15], the Cosserat theory is referred to as the theory of “micropolar
elasticity” and the couple-stress theory is called the theory of “micropolar elasticity under
constrained motion”. The equations governing the first strain-gradient theory can be obtained
from the micro-structure equations as exhibited by Mindlin [13].

In the present paper we consider the first strain-gradient theory. The general non-linear
theory was first given by Toupin [9]. Subsequently, Mindlin [ 13] derived the linear version of
the theory in three-forms—distinguished by different groupings of the eighteen additional vari-
ables in the strain energy function. The constitutive equations for the three forms contain five
new material constants in addition to the conventional elastic pair. So far, no experimental data
exists to indicate the numerical value of these new strain-gradient constants. Mindlin [13] has
also shown that in the case of mechanically homogeneous, isotropic and centrosymmetric
elastic solids, the three versions of the theory yield the same displacement-equations of motion
and then exhibited their general solution for cases of statical equilibrium. Later, Mindlin and
Eshel [16] derived the relations among the stresses and among the traction boundary con-
ditions for the three forms as well as the necessary and sufficient conditions for positive defi-
niteness of the strain energy function and a theorem of uniqueness of solutions.

The linear first strain-gradient theory differs from the conventional theory of elasticity in
several important aspects :

(a) Mindlin’s displacement-equations of equilibrium contain two material parameters, I,
and [,, having dimensions of length. The presence of these two material length parameters
assures the analytical possibility of size effects which are not predicted by the classical theory.

(b) When the length parameters mentioned above tend to zero, one recovers the classical
field equations, the classical constitutive equations and the classical boundary conditions. In
such a transition to classical elasticity, the order of the governing partial differential equations
is lowered and the number of the requisite boundary conditions is diminished, i.e., boundary-
layer effects emerge.

In the present paper we consider the stress-concentration problem of a circular cylindrical
hole in a mechanically homogeneous, isotropic and centrosymmetric infinite elastic solid
subjected, at infinity, to a field of uniaxial tension. Several other stress-concentration problems
involving a single cavity have been solved in the context of the first strain-gradient theory:
Cook and Weitsman [17], Weitsman[ 18], Hazen and Weitsman [19]. In the first two papers,
enough symmetry is available so as to eliminate some of the material constants from the
solution. This simplifies matters and the numerical work can be carried out without having to
consider fully the question of the admissible ranges of the remaining material constants. In the
last paper this question is examined in full but the authors give an awkward representation of
their results, i.e. zones of admissible values of stress. In all these papers, the third form of the .
theory has been used i.e., that version of the theory in which the eighteen additional variables
in the strain energy function are the eight components of the gradient of rotation and the ten
components of the fully symmetric part of the gradient of the strain. In the present paper a
more convenient form is used i.e., that version of the theory in which the additional variables in
the strain energy function are the eighteen components of the first gradient of the strain. The
stress-concentration is shown to depend on the radius of the cavity, on the conventional
Poisson’s ratio and on four new material parameters. A complete investigation of the admis-
sible ranges of these new parameters is given and the effect of each of them on the solution is
examined.

1. Strain-Gradient Theory—Basic Equations

We now recall, Mindlin [13], the fundamental equations governing the linear strain-gradient
theory of homogeneous, isotropic and centrosymmetric elastic solids. In this connection, we
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confine our attention to the equilibrium case, refer to rectangular cartesian coordinates and
use Gibbs’s notation and the well known indicial notation.
Let u be the displacement vector ; then the kinematic variables are given by :*

&= u i H U ) = U, = &j; = strain tensor, (L.1)
O - Y .
Kije = 3t ji+ Uj ) = U jiy = Ka; = Strain-gradient tensor. (1.2)
The strain energy function assumes the form

—1
W e, K) = FAe;;8;;+ 164585+ Ay K K+ A2 Kyj5K g,

1.3
F A3 Ka K+ Qa Ky Kiji+ Qs Ky Kyji - (13
We define stresses
ow
Ty =T T = Cauchy stress tensor, (1.4)
i
ow
Hige = 5 = fij = double stress tensor, (1.5)
ijk

where p;; have dimensions of force per unit length. These definitions lead to the constitutive
equations

Ty = Al 05+ 2pe;; (1.6)
Hijk = %01 (5ij Kipp+ 25jk Kppi O ijp)

+2a,0 3 K1+ 3035 ppi+ O K )

+2a,55 + as(i;+ K » (L.7)

where 9;;is the Kronecker-delta, 4 and p are the Lamé constants, a, ... as are five new material
constants with dimensions of force.
The stress equations of equilibrium appear as
Tjk’j"‘,uijk’ij:— 0 in R, (18)
and the natural (traction) boundary quantities to be specified on a smooth bounding surface are
Prayse = (T~ pije, ) =Dy ) + (Dym) sy on S, (1.9)
R = minjp;5 on S, '

where R is the region of space occupied by the material body in question, S is the boundary
surface of R, n is the unit outward normal to S, P, is the surface force per unit area, R, is the
surface double force per unit area and D, (or %’) are the components of the surface gradient :

V()->Di()=()i—mn( ).
Substituting equations (1.1), (1.2) in (1.6), (1.7) and the result in (1.8), one obtains the displace-
ment equations of equilibrium

(A+20)(1—=BV)YVV u—p(1-BV)VxVxu=0, (1.10)
where
+a,+ + 2
lf=2a1 az}ﬂc_@z-;;a4 a5’ % :a3+2cz4+a5, (l.ll)

V is the gradient operator and I, and I, are the two material parameters with dimensions of
length, mentioned in the introduction.

We further recall, that Mindlin [ 13] has shown that any solution u of (1.10) can be expressed
in terms of a vector function B and a scalar function B, according to

u=B—EVV-B—1(0—BV)V[r-(1—BV)B+B,], (L.12)

* Here, all quantities without a caret are identical with the respective Mindlin [13] quantities with a caret over them.
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where B and B, are solutions of
(1-BV)V*B=0, (1-13V*)V?B,=0 (1.13)

respectively, = (A+ u)/(A+2u) and r is the position vector.
Finally, necessary and sufficient conditions for positive definiteness of the strain energy
density are, Mindlin and Eshel [16],

p>0, 3i+2u>0, —d,<d,<d,,

a,>0, 5a,+2a,>0, 5f*<6(d,—d,)(5a,+24a,), (1.14)
where

18d, = —2a,+4a,+as+6a,—3as,

18d, = 2a,—4a,—ay, 3a,=2(a,+a,+4;), (1.15)

6_12=a4+a5, 3f:a1+4a2—2a3.

2. Formulation of the Problems

The material body under consideration occupies a cylindrical region of space R such that
~— 00 < z< co whose open cross section is D: ry <r< co with a boundary curve C: r=r,,.

— o ————— e —— = —_———— —
—_ | —
— | —
— | | —
— | | —
— | —

T | | — 7
— | | —
— | —
— | BOUNDARY C | —=
— | —
— | REGION D | —
-— e e = — —

Figure 1. Circular hole in a field of uniaxial tension.

Further, choose cylindrical coordinates r, 6, z such that the z-axis lies along the axis of the
cylindrical hole (Fig. 1). Let the body be subjected to a uniaxial tension in the x-direction as
shown in Fig. 1, i.e.

onr=ry:1t=0, u=0,
as r—o0: 7~ Te,e, =3$T(1 +cos 26)e, e, +3T(1 —cos 20)e e, ~ 5 T'sin 20(e, e+ eye,) ,
p—0, (2.1)

where e,, ¢,, ¢4 are unit vectors positive in the directions x, r and 6§ increasing. We now assume
that the body is in a state of plane strain parallel to the xy-plane, so that
u=u(r,0)e,+v(r,0)e, u,=0. (22)
From this
G =Uyp G =g =13(r " Uptv,~1 '),

800 = r—l (u+ U,0)> 86‘2 = Szr = 822 = 0 H (23)
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and
Ko = Uy Kyppg= —1 (U0 +77 (U, +04),
Ko = Kpge = 5[ F 2 (—tp+0) +7 Yug—v,)+0v,.],
Koy =1 (—tg+v)+r 1 (u,—1,), (2.4)
Korg = Koor = 1 (—ti+FUgg— 30 0) 17 (u,+30,),
Kooo =1~ > (2U g+ 0 gp—0) +7" 0,

while all other components are zero.
The non-zero stress components are

T = (A4+2m)u, +2r Hutvy), Too= Au,+(A+20)r Hutuvy,),

To=pr up—0)+pv,, T,=ir t(utvg)+iu,, (2.5)
and from (2.4) and (1.7) one finds the following non-zero double stress components

10 % Hyre = 2001 Ky 03 Ko+ o3 Kog »

7o 2 tygr = 15 * Hyrg = O Kppg+ 305 Kgpy + 503 Kggg 5

70 % Hrgo = Oy Kppy+ 206 K+ 05 Kggy »

70 Hyoz = 0 Kypp+ 20,75 2 Kpgg+ 1 7o 2 Ky

75 > Horr = Ol Ko+ 2006 Ky + 005 Kgg »

T torg = 1'g ° Hogr = 303 Kppy + 305 Ky + 0a Ky, »

1o~ Hogs = 003 Kprg 0l Koy -+ 201 Kggg »

To  Hozr = 175 % Kppg+ 20,75 % Koyt 03 Kogg »

70 taps = 10 * Hyor = 703K,y + 301 75  Kygg+A370 % gy, »

To  Hapz =T * Hzzo = A374 * Kppg+ 301 75 Koo+ 03 Kg0 » (2.6)
where

ay=ry*(a+aytastagtas), a,=r52(a,+2a,),

ay=r5%(a;+2a3), ag=rg*(az+2a4+as), (2.7)

as=r15%(a;+2as), oag=ry*(a,+as);
we also define

oy =1 > (as+as) . (2.8)
Only four of the seven definitions (2.7), (2.8) are independent; e.g.

Oy = —20g+20,—0ty, Os=205+20 —0,—20,, Og= —0;+0Uy+0y,. (2.9)

We now note that on r =r:

n=—e,, %:eg(% a—%) (2.10)
Thus, from (1.9), (2.1) and (2.10) the boundary conditions to be specified on r = ry are:

Py =~ Tt Loy e 1" (Horr.0— 2H0r0— Hyoo) = 0,

Poo= —TroF Hpro, T 1" (Uarr+ Horo o — Hoas + Hroo0) =0, (2.11)

R(r)r = l,,=0, R(r)o = Iy = 0.

Asr— o0, n= e, which together with equations (1.9) and (2.1) lead to the following boundary
conditions:
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Py, =1,—>5T(1+c0s20), P,p=r,—> —2Tsin26,
2.12
Rey=thw—0, Reyo = te— 0. ( )

In cylindrical coordinates, a stress-field of uniaxial tension, T, in the xy-plane is given by

1% =3T(14+cos20), %= —4Tsin24,
2T ) ’: z (2.13)

t=3T(1—cos20), wu*=0.

In this field, t* and p* assume the correct values as r — oo, but on r=rq 7* # 0. We therefore
add a stress field (z, u) such that the field (z* + 7, p*+ ) will satisfy the boundary conditions on
r=ry as well as when r— co. It now follows from (2.11), (2.12) and (2.13) that the boundary
conditions assume the following form:

onr=rq:
- %T(l +cos 20) ~ Tpr + Hyrr +r ! (.uﬂrr,o - 2.”0r0 - .u'r00) =0 s
1T sin 20— ,5+ oo, + 7 (Lope + Hora,0— Hose + troo6) = O

Herr = Hyro = 0. (214)
Asr—- o
T = 0’ Trg ™ Oa Yppy = 07 g ™ 0. (215)

For the field (7, u) to be the solution, which in turn implies that (z*+ 7, g) is the stress field, it
must satisfy equations (1.8), (2.14) and (2.15).

Instead of the stress formulation given above, it is advantageous to consider the displace-
ment formulation of the same problem. Inserting (2.4) in (2.6) and the result together with (2.5)
in (2.14), yields boundary conditions in terms of displacement components. Thus, the complete
displacement formulation of the boundary value problem in question is:

PDE. (A+2u)(1-BVH)VV-p—pu(1-BV))VxVxu=01in D. (2.16)
B.C. onr=r,:
7o 2 Py, = ul(br 3oy — Arg 2r V) +u, [~ 6r 20, —rg 2(A+2p)]
+u,,.,.,,20t1 +u,99(-2a1 +20t2—-Ot4)r_3+u,go,(fx2+oc4)r—2
+09(8oty —0oty+ o) r TP —v g Arg 2r T — v g (doty oy +og)r T2
+0,6, (200, — 0g) 7™ 40 gty 73
=4$Trg (1 +cos 20),

-2 — 3 -3 -2 .—-1 3 -
o P(,)omu’o(ao—5a1+7fx2—2a4)r —u,g,l_lro r +u,9,(ot0—ot1+7a2+2oc4)r 2

gy (200 — 3004) 7T 41 ggo (2t + 0ty — Foty — F0)r T3+ 20(— g o) r 3
+oprg 2r 20 (g —ag)r T2 —v, prg 2 — v 0,

+ v g9 (— 2010 — 601, + 200, + Fog)r
+0 g0 (0t + 04 + 300, + ) r 2+ 50,0

= —3Try2sin 260,

70 ey = 2u(otg—0y) 1™ 2+ 2u (— oo+ oy )r 4 2u 04
+ 1t go(— o+ 0ty — F00) ™2+ v o (300 — 3oty + Fty)r 2
+v6(—ao+oy +3a,)r!

=0,
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1o 2 tero = Up(— 300+ oty — 50+ 50a)r ™% g, (g + 00 — T, — Forg)r
+ 0200 —2ag)r 240, (= 200+ Fou)r T + 5,0
40 oo —0tg+ oty —For,)r 2
—0. (2.17)
Asr— w :
the conditions in terms of stresses are given by (2.15). The same conditions but in terms of
displacement are furnished by (2.5);, (2.5)s, (2.17); and (2.17),, i.e.
(A+20)u,+ar Y(utvg)—0, wr N ug—v)+uw,—>0,
Qu(og—oy)r™ 24+ 2u, (—og+ o) r ™ 4 2m 0
14 o —0tg 0ty — Bot,)r 2 40 (300 — 3oty + Ftp) 2

+vg(—ao o +30)r =0, (2.18)

ug(— 3o+ oy — o, + o) 1 2 g, (g + oty — Fotp — Fag)r !
+ (20— 5017 v, (— 20+ Fo)T T H 50 oty

0 gg(— oo +0oty —Fa,)r ? 0.

3. Solution

We choose

B = B(r, O)e,

= [B,(r, 0)+B,(r,0)]e,, B,=B,=0,

By = Bos(F, 0)+ Boa(r, 0) + Bos(r, 8) + Bos(r, 0) , (3.1)
such that

B, =A;r3r tcosf, B, =A,rqK (py)cosl,

Byy= Ayrilogr, Boy= Aurér~*cos 20,

Bos=Asr3Ko(py) Bos = AgriK,(p,) cos 26, (3.2)

where p, = 1/ly, p, = r/l,, Ki(x) (i=0, 1, ..., n) are the modified Bessel functions of the second
kind of order i and A4; (j=1, ..., 6) are dimensionless constants. The functions B and B,
above satisfy equations (1.13). Rewriting (1.12) in terms of (3.1) we obtain

u=Bcos0—1(cos 0 B,—r"!sin 0 By),+ 3[1§V*(xB,) —8(xB; +Bo) + By ] .+ »
v=—Bsinf—r *(cos @ B,—r " 'sin By),

+ Lr ' [1}V*(xBy) —6(xB,+ By) +Boy] e -
Inserting (3.2) in (3.3) yields b VA (eB) —0(xBy+ Bo) +Bosl,

u=3A4,15r" ' —5A50r5r =3 A5(1~9)rglT t Ky(p1)
+ {A1r(2)[%r—1+2(l%—l§)r—3]—Azrolzr_le(Pz)
+ A 0rdr 3 — Ag(1=8)ri[r " K, (p) + 317 " K (p;)]} cos 20,
v= {Atr(%["%(l—5)7'_1+2(l%—l%)r_3]"Azro[lerIKz(Pz)+%K1(P2)]
+ A, 0r4r 3= Ag(1—8)r5r 'K, (p,)} sin 26 . (3.4

This displacement is single valued and is a solution of (2.16). The boundary conditions as
r— oo are clearly satisfied by (3.4) with any set of finite constants A;. .... A¢ To satisfy the
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boundary conditions on r = r,, we insert equations (3.4) and the required derivatives in (2.17),

equate coefficients of like functions of 8 and obtain a system of six linear alge
the unknown constants 4, ... Ag:

b11B1+0+b;3B:+0+b5sB;+0=0,
by1Bi+by; By +0+b,4By+0+by6Bs =0,
b3 Bi+b3,;B,+0+04+0+b34Bs=—1,
ba1Bi+0+b43B3+0+bysBs+0=—3
bsiB1+0+0+b5,B,+0+bssBg = —

bey B, +b6,B,+0+0+0+bgsBs=1,

E

2
3
2

>

such that

B,=4

Nl
i 1 T
and

biv=B1 biz=—0B1, bis=0—-1)[E kK, (ky)+3kiK,(k;)],

48 48
b21=1—25+ﬁ1<45 kz>+g2,

o

1 2

by = —6B, Kylko)— (3 +P1—3B:)k: Ky (ky), bry=248,5,

by =(0—1)[6p ks K;(k)+(1+B )k Ky (ki) +3k1 K (k)]

26-28,(2—8) 4(1—0) <1—ﬁ2 2(1-6)
A i K

byg=(1-8)(1+B,)K, ki), byy=—1, byz=9,

b3 = o, b

32 —

—6
b45 = —5k1K1(k1)’ b51 = ”k—z(1+ﬁ2)"35’ b54= —60,

1
bse =(3+38,—60)K,(k,), bey =90, bgy=—K;(ks),
b66=(1_5)k1K1(k1)7

where

%o
ﬂl_ 2&1 H

%
2= 5
2a,°

Upon solving for B, .... B, the solution of the problem is completed, and

braic equations in

(3.5)

(3.6)

) bk ko) + 5K, (),

(3.7)

(3.8)

one can find any

field quantity desired ; specifically, we wish to compute the hoop stress t4. From (2.5),, (2.13),,

(3.4) and (3.6) one finds the total hoop stress as follows

% 41 2 s 4 A
12 12\ 6 r !
~3+B,( 5~ 5|5~ B,| — =K 25
+{ 14 1(/}% p%>r2 Z[Pz . 2(p2) + "
4 2 A—
+6345:—3 + Bs(0-1) [6‘:%&(’)1) - r_rolel
A
—2—/lk%K0(p1)

Noting that
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KO(P1):|
K1(P2):|
(1)

:l } cos20. (3.9)



Stress-concentration at a cylindrical hole 105

Forg T Fre F
:——:——k’ ::—————:—k,
P1 ro 1, ro 1> P2 ro I ro 2
the hoop stress at § = + 37 for any r, is then found to be
Toe 1T r3oorg/12 0 12
St o= = 1en B - R(E - )]
1 2
r; 6 roN. AT r 12
B,| =5 — — ky|+2— — B;6—
+ z[rz k2K2 ("o 2)+ rK1(1_0k2>:| 35r2

re r r A N
+Bg(1—9) 670k, (T k) - 2= ’”"kK k
6 [rz 2<r0 1) L 1<r0 1)
)' 2
- 3, K Ko (ﬁ k1>]. (3.10)

Finally, the hoop stress on the surface of the cavity at § = + — is given as

NS

* 12 12 6
Tﬂo;_%o (r=ro, 0= +4im)=1+B, (1 ete >+ B, [k Kz(kz)+2K1(kz)]
2
—B35—6B45+B5( —1)[k11<1(k1)
A
A— A /
— A lel(kl) - Eﬁ kﬁKo(kl)iI' (3.11)

It should be noted here that all the combinations of Lamé constants appearing in (3.7), (3.10)
and (3.11) are determined by Poisson’s ratio alone, i.e.
A v A—u 1—4y 1 I 1—2v
IRAR L SR R , 0=, 1-0= "= " 3.12
2u 12y 7 12y 0 2(1—v) A2 2(1-v) (3.12)
Whence, we find that the stress-concentration, (3.10) and the stress-concentration factor (3.11),
are a function of the five dimensionless parameters v, kq, k,, 1, f§,. The last two do not appear
explicitly in (3.10) and (3.11) but enter in through the boundary conditions on r=r,,

4. Ranges of Material Parameters

To facilitate numerical computations, the stress-concentration factor has to be expressed in
terms of independent and dimensionless parameters for which estimates on magnitude can be
found.

We define

I ( 20, 2y>% k,

== = =) == 4.1
[ A+2u ay kq (4.1)

and choose the following as our five independent parameters, ,
A to oy k, To ( At 2;1)5

==, = —, = —, = —, = — = R .2

24+ p) P 2a, € 20, T Tk, k1 Iy 24, 42

Upon entering (4.1) in (3.10) and (3.11), one obtains the stress-concentration and the stress-
concentration factor, respectively, in terms of (4.2).
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Since the numerical values of the new material parameters in the strain-gradient theory are
not known from experiment, ranges of (4.2) are found by resorting to the necessary and suffi-
cient conditions for positive definiteness of the strain energy density function given by (1.14)
and (1.15).

From (1.14), and (1.14), the range of Poisson’s ratio is chosen to be

o<v<i. (4.3)

In [13, section 12] it is shown that I? >0 (i = 1, 2). This together with (1.11), (1.14),, (1.14), and
the definitions of a,, o, imply that

a; >0, a,>0,
while (1.14),, (1.15), and the definition of &, yield
05 >0.
From (1.14)5, (1.15)s, (1.15), and the definition of &, o, we find
§i<§'
This, together with the fact that both a, and «, are positive, fix the range of 8, as follows
O<p;<3%. 4.4)

The inequalities (1.14); and (1.14),, together with equations (4.1) and (4.2) can now be used to
determine the ranges of y and f,. This yields

15 1-2v]%
0 1=ev
<Y<[wm Lw]’
128 32 1-2v 2 *
Br<1-%p, +|:Fﬁ% —igﬁfi'—l’:v_y_z(l_%m)] > (4.5)
128 32 1-2v 2 %
'32>1‘%'81“[%—ﬁ%—ﬁﬁr{_ﬁp(l_%ﬁl):l .

In order to exhibit the effect of each of the parameters on the stress-concentration, it is con-
venient to assign a “standard” value to each one of the first four parameters in (4.2) and to
observe the behavior of the solution as k, varies. In addition, variations of the four parameters
from their standard values are considered so as to be able to see their effect on the stress-
concentration.

The admissible range of each of the parameters as well as their standard values are deter-
mined by above inequalities i.e., each set of values assumed by v, §;, y and f, satisfies equations
(4.3), (4.4) and (4.5).

Furthermore, for the purpose of numerical computation, we impose one more restriction.
Comparing the displacement equations of equilibrium, as given by (2.16), with those of the
classical theory of elasticity, it is evident that !, and [, are important contributors to the differ-
ences between the two theories. However, it can be shown that if k; » o0 and k, — o0, i.e.
I, »0and I, » Osuch that y and the rest of the parameters remain finite, our solution reduces to
the solution of the same problem in classical elasticity. This, together with the fact that results
based on the classical theory of elasticity have been substantiated by experiment, lead us to
believe that [, and I, are indeed small as compared to unity. In view of this we select unity as
the smallest value of k,. -

Finally, we point out that an examination of equations (4.1) and (4.2) reveals that increasing
k, while keeping 4, p, f,, 7 and f, constant implies a decrease in 2o, with respect to (A-+2y),

Journal of Engineering Math., Vol. 4 (1970} 97-111



Stress-concentration at a cylindrical hole 107

which in turn requires a decrease of «, with respect to 2u so as to keep y constant; simul-
taneously, a decrease in «, and a, is required in order to keep 8, and f, constant ; i.e. the strain-
gradient effects disappear as k, increases. This observation is compatible with the results men-
tioned above when passing to the limit as k; — co and k, — oo.

5. Numerical Results

The computations are carried out so as to obtain the stress concentration factor as a function of
k; when only one among the remaining four parameters is allowed to vary, while the others are
kept fixed at their respective standard values. The results of these computations, for § = + 37,
are shown in Figures 2-5.

In Fig. 6, the stress-concentration is plotted versus the non-dimensional distance r/r,,
where r measures the distance from the center of the cavity along the rays 6 = 4 47. Results are
shown for various values of k; while the remaining parameters are kept fixed at their standard
values: v = 0.25, §, = 0.50, , = 0.50, y = 0.50.
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Figure 2. Stress-concentration factor atr=r, and 6 = 14n for various values of Poisson’s ratio.

Examination of Figures 2-5, reveals several interesting characteristics of the solution. Com-
paring Figure 3 to Figure 4, one finds that the stress-concentration factor at r=r, and 0 =
+ 4n is only slightly sensitive to changes in §; and somewhat more sensitive to variations in 8,
which unlike §, can assume negative values. This is manifested when k, takes on intermediate
values. Comparison of Figures 3 and 4 to Figures 2 and 5 reveals that the stress-concentration
factor is much more sensitive to variations in v and y than it is to changes in £, and f,. This
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is clearly manifested when k&, takes on intermediate values. It is interesting to note that no ratio
of couple-stress constants analogous to 8, and f, appears in the Mindlin and Tiersten’s [7]
result for the cylindrical hole; but one does appear in their stress-concentration factor for the
spherical cavity with a similar insensitivity. All this is clearly in contrast to the solution ob-
tained in classical elasticity, where the stress-concentration factor at r =r, assumes a maximum
value of 3 independent of material properties and the radius of the cavity.

Consideration of Figures 2,3,4, and 5 shows that the stress-concentration factor approaches
3 as k, increases. This confirms Mindlin and Tiersten’s main result. However, Figures 2 and 4
reveal that when Poisson’s ratio is greater than about 4 and when f8, assumes negative values,
the stress-concentration factor may exceed 3; in fact, it may reach a max. value at an inter-
mediate value of k,, and then approach the classical value of 3 from above as clearly seen
when v=0.45.

Examination of Fig. 6 reveals that the solution of classical elasticity and the present solution
become indistinguishable as r/r, increases.

Comparing the results of the present paper with those of Hazen and Weitsman [19], we
observe that in the case of a cylindrical hole in a field of uniaxial tension, only four new material
parameters (i.e. four ratios of material constants) appear in the solution although there are
Jfive new material constants in the constitutive equations. In the case of a spherical cavity in a
field of uniaxial tension [19], five new material parameters appear.

While the results of this paper confirm the main results given in [19], the representation of
results in “zones of admissible values of stress™ is avoided here. The choice of the parameters
and the numerical computations have been carried out so that the behavior of the hoop stresses
as a function of the material parameters could be clearly exhibited.
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